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Abstrat
We present a new parton model approah for nulear ollisions at RHIC energies (and beyond). It
is a selfonsistent treatment using the same formalism for alulating ross setions like σtot or σinel
and, on the other hand, partile prodution. Atually, the latter one is based on an expression for the
total ross setion, expanded in terms of ut Feynman diagrams. Dominant diagrams are assumed to
be omposed of parton ladders between any pair of nuleons, with ordered virtualities from both ends
of the ladder.
1 Introdution
The standard parton model approah to proton-proton or also nuleaus-nuleus sattering amounts to
presenting the partons of projetile and target by momentum distribution funtions, fA and fB, and
alulating inlusive ross setions as [sjo87, dur87℄
σincl =
∑
ij
∫
dt
∫
dx+
∫
dx−f iA(x
+, Q2)f jB(x
−, Q2)
dσˆij
dt
(x+x−s),
where dσˆij/dt is the elementary parton-parton ross setion. This simple fatorisation formula is the result
of anellations of ompliated diagrams (AGK anellations) and hides therefore the ompliated multiple
sattering struture of the reation. The most obvious manifestion of suh a struture is the fat that the
inlusive ross setion exeeds the total one, so the average number of elementary interations must be big-
ger than one. The usual solution is the so-alled eikonalization, whih amounts to re-introduing multiple
sattering, however, based on the above formula for the inlusive ross setion. The latter formula has the
disdvantage of having lost many important details about the multiple sattering aspets. Construting in
this way a model (in partiular an event generator) for partile prodution is ompletely arbitrary. For
example, energy obviously must be onserved, but the QCD formulas will not provide the slightest hint
how to realize energy onservation in a partiular multiple sattering event.
This problem has rst been disussed in [abr92℄,[bra90℄. The authors laim that following from the
nonplanar struture of the orresponding diagrams, onserving energy and momentum in a onsistent way
is ruial, and therefore the inident energy has to be shared between the dierent elementary interations,
both real and virtual ones.
Following these ideas, we provide in this paper a rigorous treatment of the multiple sattering aspet,
suh that questions as energy onservation are learly determined by the rules of eld theory, removing
the arbitrariness of the proedures applied so far. The general idea is as follows: starting point is an
expression for the inelasti ross setion for nuleus-nuleus sattering at very high energies, expressed in
terms of ut Feynman diagrams. Clearly at this point ertain assumptions onerning the dominae of
1
ertain lasses of diagrams is employed. But this assumptions really dene the model, what follows is just
the appliation of the rules of eld theory, alulating diagrams, making partial summations, and nally
interpreting these partial sums as partial ross setions for ertain physial proesses. Prodution of
partiles (on the parton level) is thus ompletely determined [wer97℄.
2 The Elementary Cut Diagram: the Parton Ladder
We want to write down an expression for the inelasi ross seion in nuleus-nuleus (inluding nuleon-
nuleon) sattering in terms of ut Feynman diagrams. We will assume that dominant ontributions will
ome from ertain lasses of diagrams, whih are omposed of so-alled elementary diagrams, also referred
to as elementary interations. We will therefore rst diuss the elementary diagrams, before introduing
the multiple sattering theory. A omplete diagram will ertainly ontain ut and unut elementary
diagrams. We will investigate expliitely only ut diagrams and use a relation between ut and unut
diagrams to alulate the latter ones.
We assume an elementary interation to be represented by a parton ladder with soft ends, see g
1. The entral part is a parton ladder with ordered virtualities, suh that the highest virtuality is at
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Figure 1: The elementary ut diagram: parton ladder plus soft ends.
the enter and the virtualities are dereasing towards the ends of the ladder. This part of the diagram
an be alulated using perturbative tehniques of QCD. Sine the virtualities are dereasing towards the
ends, one reahes nally values where perturbative alulation an no longer be employed, although the
longitudinal momentum fration of the orresponding parton may be muh smaller than one. This means
there is still a large mass objet between the rst parton of the ladder and the nuleon, however, with
small virtualities involved [lan94℄. The most naturel andidate for suh an objet is the soft Pomeron,
whih an not be alulated from rst priniples, but where reasonable parametrisations exist, based on
general onsiderations of sattering matries in the limit of very high energies. So, the mathematial
expression orresponding to the ut diagram of g. 1 is
Dsemi(s, x
+, x−, b) =
∫
db′
∑
ij
∫
dx+1
x+1
∫
dx−1
x−1
Eisoft
(
x+1
x+
, b′
)
Ejsoft
(
x−1
x−
, b− b′
)
σijladder(x
+
1 x
−
1 s), (1)
where Esoft represents the soft Pomeron at eah end of the ladder and σ
ij
ladder the parton ladder itself, the
preise denition of both quantities being given in the following.
2
The hard part of the elementary interation, σijladder, is given as
σijladder(sˆ) =
∑
kl
∫
dw+dw−dQ21 (2)
EikQCD(Q
2
0, Q
2
1, w
+)EjlQCD(Q
2
0, Q
2
1, w
−)
dσklBorn
dQ2
(w+w−sˆ, Q21),
where dσklBorn/dQ
2
represents the hardest sattering in the middle of the ladder (indiated symbolially by
the somewhat thiker ladder rung in g. 1), and where EQCD represents the evolution of parton asade
n-> o
n = + n 1
o
n
 Σ
i=1
n
n-> ooQCDE = lim = lim
Figure 2: The alulation of EQCD.
from sale Q20 to Q
2
1, using the DGLAP approximation [alt82, ell96℄, given as (see g. 2)
EijQCD(Q
2
0, Q
2
1, x) = lim
n→∞
E
(n)ij
QCD(Q
2
0, Q
2
1, x), (3)
where E
(n)
QCD represents an ordered ladder with at most n ladder rungs. This is alulated iteratively based
on
E
(n)ij
QCD(Q
2
0, Q
2
1, x) = δ(1− x) δij ∆i(Q20, Q21) (4)
+
∑
k
∫ Q21
Q2
0
dQ2
Q2
∫ 1−ǫ
0
dξ
ξ
αs
2pi
E
(n−1)ik
QCD (Q
2
0, Q
2, ξ)∆j(Q2, Q21)P
j
k (
x
ξ
),
where the indies i, j, k represent parton avors. P jk are the Altarelli-Parisi splitting funtions and ∆
j
is the so-alled Sudakov form fator. The soft part of the elementary interation, Esoft, is the usual soft
Pomeron expression.
In addition to the semihard ontribution Dsemi, one has to onsider the expression representing the
purely soft ontribution:
Dsoft
(
s, x+, x−, b
)
= Esoft
( s0
x+x−s
, b
)
, (5)
with the sale parameter s0 = 1 GeV. The omplete ontribution, representing an elementary inelasti
interation in an energy range of say 10 - 104 GeV, is therefore given as
D = Dsoft +Dsemi. (6)
3
We would like to stress, that the soft end of the semihard Pomeron has exatly the same struture as
the soft ontribution itself, no new parameters enter.
There is still something missing: the outer legs of the elementary diagram are not the nuleons, but
nuleon onstituents, to be more preise quark-antiquark pairs. We all these onstituents also par-
tiipants to indiate that they are atively partiipating in the interation, in ontrast to the remnants,
whih represent the non-partiipating part of the nuleons. So for eah inoming leg, we have an additional
fator Fpart, whih we assume to be of the form Fpart(x) = x
−αpart
. Similarly, for eah remnant, we add a
fator Fremn(x) = x
−αremn
, where the arguments of Fremn(x) are the momentum frations of the remnants.
We dene
2G(s, x+, x−, b) = Fpart(x
+)D(s, x+, x−, b)Fpart(x
−),
where we introdued a fator 2 for later onveniene.
3 Multiple Sattering
We assume that the dominant diagrams for nuleus-nuleus sattering are those whih onsist of elementary
diagrams as disussed in the previous setions, see g. 3. One easily writes down the orresponding
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Figure 3: The inelasti ross setion for nuleus-nuleus sattering.
formula: eah ut Pomeron ontributes a fator 2CG, eah unut one a fator (−2CG)(the semihard
Pomeron amplitude is assumed to be imaginary), and eah remnant F+ or F−. So we get
σinel(s) =
∫
d2b
∫
dTAB
∑
m1l1
. . .
∑
mABlAB
∫ AB∏
k=1
{
mk∏
µ=1
dx+k,µdx
−
k,µ
lk∏
λ=1
dx˜+k,λdx˜
−
k,λ
}
AB∏
k=1
{
1
mk!
1
lk!
mk∏
µ=1
2CG(s, x+k,µ, x
−
k,µ, b)
lk∏
λ=1
−2CG(s, x˜+k,λ, x˜−k,λ, b)
}
A∏
i=1
F+

xP+i − ∑
π(k)=i
x˜+k,λ

 B∏
j=1
F−

xT−j − ∑
τ(k)=j
x˜−k,λ


(7)
with
xP+i = 1−
∑
π(k)=i
x+k,µ
4
xT−i = 1−
∑
τ(k)=j
x−k,µ,
where
∫
dTAB represents the integration over transverse oordinates of projetile and target nuleons with
the appropriate weight given by the so-alled thikness funtions [wer93℄. The fator DAB is given as
DAB =
A∏
i=1
{
1√
C
+ (1 − 1√
C
δ+i )
} B∏
j=1
{
1√
C
+ (1 − 1√
C
δ−j )
}
,
with
δ±n =
{
1 if nucleon is passive
0 if nucleon is active
,
where an ative nuleon partiipates in at least one elementary interation, whereas a passive one does
not. The funtions pi(k) and τ(k) refer to the projetile and the target nuleons partiipating in the kth
interation. We fully aount for energy-momentum onservation, whih we onsider extremely important
due to the nonplanarity of the diagrams, implying the interations to our in parallel.
The expansion of σinel in terms of ut diagrams as given in eq. 7 represents a sum of a large num-
ber of positive and negative terms, inluding all kinds of interferenes, whih exludes any probabilisti
interpretation. Our strategy onsists therefore of performing partial summations suh that the remaining
terms allow suh an interpretation [agk73℄. So we lassify the diagrams aording to the ut elementary
diagrams (real emissions), and then sum over all diagrams of a given lass, whih amounts to summing
over unut elementary diagrams (sum over virtual emissions):
σinel =
∑
cut diagramsD
∫
dX dX˜ D
=
∑
cut ladders
dX
{ ∑
uncut ladders
∫
dX˜ D
}
,
where D is the mathematial expression orresponding to a diagram as shown in g. 3, appearing in
formula 7, and where X and X˜ represents all the light one momenta of the ut and unut elementary
diagrams. The term in brakets {. . .} may be nally interpreted as probability for the orresponding
ladder onguration.
Let us write the formulas expliitely. We have
σinel(s) =
∫
d2b
∫
dTAB
∑
m1
. . .
∑
mAB
∫ AB∏
k=1
{
mk∏
µ=1
dx+k,µdx
−
k,µ
}
AB∏
k=1
{
1
mk!
mk∏
µ=1
2G(s, x+k,µ, x
−
k,µ, b)
}
R
(
s, xP+, xT−, b
)
, (8)
with
R
(
s, xP+, xT−, b
)
=
∑
l1
. . .
∑
lAB
∫ AB∏
k=1
{
lk∏
λ=1
dx˜+k,λdx˜
−
k,λ
}
AB∏
k=1
{
1
lk!
lk∏
λ=1
−2G(s, x˜+k,λ, x˜−k,λ, b)
}
×
A∏
i=1
F+

xP+i − ∑
π(k)=i
x˜+k,λ

 B∏
j=1
F−

xT−j − ∑
τ(k)=j
x˜−k,λ

 . (9)
The variables appearing in eq. (8) may be represented by two multivariables: the interation-type variable
M whih speies for eah of the AB nuleon pairs the type of the interation (how many ut Pomerons
of whih type our), and the momentum variable X , already mentoned earlier, whih speies for eah
elementary interation the momentum frations. Eq. (8) may thus be written as
σinel =
∑
M
∫
dX Ω(M,X). (10)
5
where Ω(M,X) is the integrand of eq. (8). Both variables, K = {M,X} represent a ladder onguration
and Ω(M,X) onsidered to be the orresponding probability density.
There are two fundamental problems to be solved:
• the sum over virtual emmisions has to be performed
• tools have to be delevopped to deal with the multidimensional probability distribution Ω(M,X).
Both are diult tasks. There is no way to do the summation numerily in ase of two heavy nulei
A and B: we have AB summation indies, so if we assume 10 terms per index to reah onvergene,
we have to sum over 10AB terms! It is also out of question to use Monte Carlo methods, sine positive
and negative terms our. However, we are able to provide a solution, as disussed later. Conerning
the multidimensional probability distribution Ω(M,X), we are going to develop methods well known in
statistial physis (Markov hain tehniques), whih we also are going to disuss in detail later. So nally,
we are able to alulate the probability distribution Ω(M,X), and are able to generate (in a Monte Carlo
fashion) ladder ongurations (M,K) aording to this probability distribution. The next task amounts
to generate expliitely partons, again based on our master formula eq. 8. This will be disussed in next
setion.
4 Parton Congurations
In this setion, we onsider the generation of parton ongurations in nuleus-nuleus (inluding proton-
proton) sattering for a given ladder onguration, whih means, the number of elementary interations per
nuleon-nuleon pair is known, as well as the light one momentum frations x+ and x− of eah elementary
interation. A parton onguration is speied by the number of partons, their types and momenta. We
showed earlier that the inelasti ross setion may be written as
σinel =
∑
K∈K
Ω(K), (11)
where the symbol Σ means Σ
∫
and where K = {M,X} represents a ladder onguration. The funtion
Ω(K) is known (see eq. (8)) and is interpreted as probability distribution for a ladder onguration K.
For eah individual ladder a term 2CG appears in the formula for Ω(K), where 2G itself an be expressed
in terms of parton ongurations, whih provides probability distributions for parton ongurations, and
whih provides the basis for generating partons. We want to stress that the parton generation is also
based on the master formula eq. (8), no new elements enter. In the following, we want to disuss in detail
the generation of parton ongurations for an elementary interation with given light one momentum
frations x+ and x−and given impat parameter dierene b between the orresponding pair of interating
nuleons.
First, we have to speify the type of elementary interation (soft or semihard). The orresponding
probabilities are
Gsemi(s, x
+, x−, b) /G(s, x+, x−, b) (12)
and
Gsoft(s, x
+, x−, b) /G(s, x+, x−, b) (13)
respetively.
Let us now onsider a semihard ontribution. We obtain the desired probability distributions from the
expliit expressions for 2Gsemi. For given x
+
, x−, we have
2Gsemi(s, x
+, x−, b) ∝
∫
dx+1 dx
−
1


∫
d2b′
∑
ij
Eisoft(
x+1
x+
, b′)Ejsoft(
x−1
x−
, b− b′)σijladder(x+1 x−1 s)

 , (14)
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with
σijladder(sˆ) =
∑
kl
∫
dw+dw−dQ2 (15)
EikQCD(Q
2
0, Q
2, w+)EjlQCD(Q
2
0, Q
2, w−)
dσklBorn
dQ2
(w+w−sˆ, Q2),
representing the perturbative parton-parton ross setion, where both initial partons are taken at the
virtuality Q20. The integrand {. . .} of eq. 14 serves as probability distribution to generate x+1 and x−1 .
Knowing the momentum frations x+1 and x
−
1 of the rst partons of the parton ladder, we an onstrut
the omplete ladder. To do so, we generalize the denition of the parton-parton ross setion σladder to
arbitrary virtualities of the initial partons, we dene
σijladder(Q
2
1, Q
2
2, sˆ) =
∑
kl
∫
dw+dw−dQ2 (16)
EikQCD(Q
2
1, Q
2, w+)EjlQCD(Q
2
2, Q
2, w−)
dσklBorn
dQ2
(w+w−sˆ, Q2).
and
σij
ord
(Q21, Q
2
2, sˆ) =
∑
k
∫
dw−dQ2 (17)
EjkQCD(Q
2
2, Q
2, w−)∆i(Q21, Q
2)
dσkiBorn
dQ2
(w−sˆ, Q2).
representing ladders with ordering of virtualities on both sides (σ
jet
) or on one side only (σ
ord
). We
alulate and tabulate σ
jet
and σ
ord
initially so that we an use them via interpolation to generate
partons. The generation of partons is done in an iterative fashion based on the following equations:
σijladder(Q
2
1, Q
2
2, sˆ) =
∑
k
∫
dQ2
Q2
∫
dξ
ξ
∆i(Q21, Q
2)
α
2pi
P ki (ξ)σ
kj
ladder(Q
2, Q22, ξsˆ) (18)
+σijord(Q
2
1, Q
2
2, sˆ).
and
σijord(Q
2
1, Q
2
2, sˆ) = σ
ij
Born(Q
2
1, Q
2
2, sˆ) (19)
+
∑
k
∫
dQ2
Q2
∫
dξ
ξ
∆i(Q21, Q
2)
α
2pi
P ki (ξ)σ
kj
ladder(Q
2, Q22, ξsˆ).
5 Outlook
So far we presented a onsistent and very transparent new approh to alulate parton prodution in
nuleus-nuleus (inluding nuleon-nuleon) sattering. But, unfortunately, the real world onsists of
hadrons, so we still have to deal with the problem of hadronization. This is not so lear. We provide a
minimal model where we simply translate the partons from eah individual elementary interation into
the language of relativisti strings, the latter ones being deayed using the mahinery of relativisti string
deay. An alternative would be to take our partons as initial ondition for a transport treatment of a
partoni system. We do not want to explore these options any further in this paper.
6 Aknowledgements
This work has been funded in part by the IN2P3/CNRS (PICS 580) and the Russian Foundation of Basi
Researhes (RFBR-98-02-22024).
7
Referenes
[agk73℄ V.A. Abramovskii, V.N. Gribov, O.V. Kanheli, Yad. Fiz.(Rus) {18} (1973) 595
[abr92℄ V.A. Abramovskii, G.G. Leptoukh, Yad. Fiz. (Rus.) 55 (1992) 1646
[alt82℄ G. Altarelli, Physis Reports 81 (1982) 1
[bra90℄ M.A. Braun,Yad. Fiz. (Rus), 52 (1990) 257
[dur87℄ L. Durand., H. Pi, Phys. Rev. Lett. 58 (1987) 303
[ell96℄ R.K. Ellis, W.J. Stirling, and B.R. Webber, QCD and Collider Physis, Cambridge University
Press, 1996
[lan94℄ A. Donnahie, P.V. Landsho, Phys. Lett. B332 (1994) 433
[sjo87℄ T. Sjostrand, M. van Zijl, Phys. Rev. D 36 (1987) 2019
[wer93℄ K. Werner, Physis Reports 232 (1993) 87
[wer97℄ K. Werner, H.J. Dresher, E. Furler, M. Hladik, S. Ostaphenko, in pro. of the 3rd International
Conferene on Physis and Astrophysis of Quark-Gluon Plasma, Jaipur, India, Marh 17-21,
1997
8
